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In this paper we consider the problem of minimizing a nominal 7^2 performance measure subject to robust
stability constraints for systems having multiple operating points. Performance is measured in terms of a weighted
sum of the individual 7^2 norms at each plant condition, whereas robust stability is enforced through 7-ioo-norm
bounds. The problem is solved by considering a new time-domain scalar cost function 7oo(/y) that incorporates the
Tioo constraints into a single cost function. Using the proposed formulation, the mixed T^i/Tioo design problem
becomes an unconstrained optimization problem that, for tf —> oo, recovers the original objective of minimizing
the performance measure subject to the given Ji^ bounds. The resulting optimization problem is smooth, and
hence standard gradient-based software can be applied. Moreover, this formulation allows for the synthesis of
linear time-invariant controllers having a prespecified order and structure. The method is illustrated by the design
of a single first-order controller for the pitch stability augmentation system of an F-15 aircraft operating at both
subsonic and supersonic flight conditions.

I. Introduction

IN the past few years, the mixed 7i2 /T^o control problem has been
the subject of much interest, since it allows the incorporation of

robust stability into the linear quadratic Gaussian (LQG) frame-
work. Robust I-LI/HOQ performance still remains, to a large extent,
an unsolved problem. An approach based upon parameter optimiza-
tion methods can be found in Ref. 1, where necessary conditions for
solving this problem using fixed-order controllers have been de-
rived. Alternatively, a nominal performance with robust stability
(NPRS) problem can be formulated, where the controller yields a
desired performance level for the nominal system while guaran-
teeing stability for all possible plant perturbations. At the present
time, no analytical solution is known for this problem. A related
problem was formulated in Refs. 2 and 3, where the 7i2 cost is re-
placed by an upper bound. The dual problem to this modified NPRS
problem has been solved in Ref. 4. In Ref. 5 it has been shown
that the conditions derived in Refs. 3 and 4 are necessary and suf-
ficient. These approaches are restricted to systems with identical
disturbance inputs or identical criterion outputs and result in a set
of coupled Riccati equations that is in general difficult to solve.
For the same class of systems, the modified NPRS problem has
been solved for static and dynamic state feedback6'7 and dynamic
full-order output feedback8 controllers. There the problem was cast
into a convex constrained optimization over a bounded set of ma-
trices and solved using nondifferentiable constrained optimization
techniques.

These approaches provide a solution to the modified problem.
However, at this time little is known about the gap between the up-
per bound minimized in the modified problem and the actual 7i2 cost.
Moreover, some recent numerical results9 suggest that this gap may
be significant. Very little work has been done concerning the original
problem, which remains, to a large extent, still open. Recently, the
mixed 7i2/?4o problem was solved in the single input/single out-
put case using convex nondifferentiable optimization.10 Although
this approach provides an exact solution to the original problem, as

Received Nov. 12, 1993; revision received Nov. 8, 1994; accepted for
publication Nov. 11, 1994. Copyright © 1995 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Graduate Student. Department of Electrical Engineering.
'''Assistant Professor.
* Associate Professor. Department of Aeronautics and Astronautics.

pointed out in Ref. 10, it results in large-order controllers, necessi-
tating some type of model reduction.

The approaches mentioned above provide an efficient way to solve
the mixed 7i2 /T~too problem when the controller is not restricted in its
order or structure. However, modern control applications in aero-
nautics and astronautics often rely on modeling techniques based
on finite element analysis and thus involve high-order plant models.
Additional requirements such as fixed order and fixed structure have
to be included in order to obtain a practical and implementable con-
troller. One approach in this direction can be found in Refs. 11 and
12. However, in addition to a set of rather restrictive system assump-
tions (rank conditions as well as assumptions on system zeros), this
approach requires an initial stabilizing controller guess that satisfies
the Tioo bound.

In this paper we address the NPRS 7i2/7ioo problem using a time-
domain-based penalty function approach. We formulate the mixed
^2/7~£oo problem as the problem of minimizing a time-domain cost
function that explicitly incorporates the H^ bounds and is differen-
tiate in all the variables involved. More importantly, the approach
addresses the actual 7i2 cost rather than its upper bound and al-
lows designers to impose limitation on the controller order as well
as on its structure. As in previous approaches dealing with fixed-
order/fixed-structure controllers, the resulting optimization problem
is nonconvex. However, we believe that the approach proposed here
has a number of advantages over previously proposed methods. In
particular, 1) standard gradient-based optimization methods are di-
rectly applicable to this problem, 2) the approach incorporates mul-
tiple plant conditions and hence can simultaneously handle multiple
operating points of the plant using static and dynamic controllers
(fixed order, fixed structure, strictly proper or proper), 3) the overall
cost function utilized for the approach is well defined even when
the initial controller guess is not stabilizing, and finally, 4) the sys-
tem assumptions are the least restrictive, requiring only the standard
stabilizability and detectability conditions.

The paper is organized as follows. In Sec. II we formulate the
mixed 7i2/7ioo problem for multiple-model plants and present some
preliminary results. In Sec. Ill we show how to cast the Tioo robust-
ness constraints in the form of a smooth penalty function. In Sec.
IV we combine this smooth penalty function with the 7^2 cost into a
single objective function. In Sec. V a specific controller design algo-
rithm is given. In Sec. VI we illustrate our approach with the design
of a single first-order controller for the pitch stability augmentation
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system of an F-15 aircraft operating at both subsonic and supersonic
flight conditions. Finally, in Sec. VII we summarize our results and
provide some concluding thoughts.

II. Preliminaries
We will consider systems having np possible open-loop plant

conditions indicated by the subscript op. Each plant condition (/ =
1 , 2 , . . . , np) is represented by the following state-space model:

2/oo.op'

x(t)

4(0
B[w2(t)

D2lW2(t)

(1)
Here the superscript / indicates the /th plant, and the vectors
jc'(0, w'(0, /(O represent the corresponding states, control ac-
tion, and outputs available to the controller. Finally, the pairs
(w2(t), z2(t)) anc* (wJxjCO. 4(0) represent the disturbance input
and performance output corresponding to the /th 7i2 performance
measure and z'th HM constraint, respectively. The exogenous dis-
turbances w2(t) are assumed to be white-noise signals with unit
spectral density, thus representing the limiting case of disturbances
with bounded spectrum (see, e.g., Ref. 4). For a given plant condi-
tion, model uncertainty is handled in the usual manner by lump-
ing all uncertainties into a stable, norm-bounded A' (s) block
with || A1' (s) || oo < 1/y1' such that w^s) = A1' (5)4 CO- Direct
feedthrough terms from u l ( t ) to y' (t) in Eq. (1) can be incorpo-
rated as long as the corresponding feedthrough matrices D^3 are the
same for every plant condition and the final controller design is well
posed.13

In this formulation individual plant conditions can be used to rep-
resent different operating conditions of the same plant. Alternatively,
the np open-loop systems E2/00 op may be used to account for differ-
ent types of disturbances encountered in the design specifications
(i.e., step responses, random responses). In each of the np plants,
disturbance filters of different dynamic degree are allowed since our
formulation does not place any restriction on the dimension of the
individual state vectors xl .

For technical reasons we will impose the following assumptions
on the set of_open-loop plants for all i = 1 , 2, . . . , np:

Al) (A1', #p are stabilizable pairs.
A2) (A1 , q) are detectable pairs.
A3) dim(w') = nu\ = nu and dim(v') = nvi = ny.
Assumptions Al and A2 are necessary for the existence of a

controller that stabilizes all plant conditions simultaneously. That
is, a controller must be able to detect unstable modes through / (0
in any of the np open-loop plants and stabilize these modes via the
control u' (t). The number of controller inputs and outputs must be
the same for all £2/00 op since we consider a single control law that
is applied to all the plant conditions. This necessity is reflected in
assumption A3.

We will search for finite-dimensional linear time-invariant con-
trollers C(s) having state-space realizations of the form

C:
xc(t) = Acxc(t)
u l ( t ) = Ccxc(t)

Bcyl(t)
Dcyl(t) (2)

where the controller order nc is prespecified (and not necessar-
ily equal to the order of the plant). The structure of the matrices
Ac., Bc, Cc, and Dc can be arbitrary and is assumed to be specified
by the designer. For convenience, we adopt the following compact
representation C0 of a controller C(s) having the state-space real-
ization (2):

C0 =
Dc Cc

Bc Ac
(3)

In order to obtain well-posed problems, we will make the following
assumptions on the controller:

A4) D'n_+ Z)i3D,D31 = 0 for all / = 1, 2 , . . . , np.
A5) DCD3'2 = 0 and/or D1

23DC = 0 for all i = 1, 2, . . . , np.

Assumption A4 is a necessary condition in order to obtain a fi-
nite H2 norm for the closed-loop transfer functions from w2(s) to
z2(s). If this assumption is not trivially satisfied by the structural
formulation of the problem (i.e., a strictly proper controller design
with D'n = 0 for all/ = 1 , 2 , . . . , np), then the design algorithm
has to incorporate these constraints as additional (linear) equality
constraints on the elements in Dc. This case is not considered here.
Finally, assumption A5 is a technical assumption that greatly sim-
plifies the further development and in particular the gradient ex-
pressions. For the general case without assumption A5 the reader is
referred to Ref. 14.

Given a controller C(s) with the state-space realization (2), the
closed-loop plants (identified by the subscript cl) are given by

= A'V (0 + B{w2(t)

4(0 -

Let E2cl(C0) denote the subsystem of
4 (s) with u4 (s) -0,

and!

4(0 = c\x2(t)
0>cl(C0) the subsystem from w^s) to zl

0

(4)

from w2(s) to

(5)

with w2(s) = 0,

(6)

With Dc632 = 0 and/or D23 Dc = 0 (assumption A5), it can be easily
verified that D22 = D22 for all / — 1, 2 , . . . , np, and hence the direct
feedthrough matrices from w'2(t) to z2(t) in Eq. (6) are not depen-
dent on C0. However, all other closed-loop matrices in Eqs. (4-6) are
functions of the controller parameterization C0. For notational sim-
plicity, we will not indicate this dependency explicitly. Let T2 (Cot s)
and T^(C0, s) represent the transfer functions corresponding to the
closed-loop systems S^cl(C0) and SJ>ocl(C0), respectively. With
this notation we can now precisely defirie the multimodel H2/Tioo
control problem as follows:

Problem 1 (mixed Hi/H^ multimodel control). Find a stabi-
lizing controller C0 such that the performance criterion J2(C0) is
minimized, where

J2(C0) = min lim J2(C0, tf)
CQ tf—tOO

lim J i ( C 0 , t f ) = lim £[g(tf)4(tf)] = \\Tl(C0,S)
tf-HX tf-t-00 L J "

subject to the robust stability constraints

|OC»,*)|L <x ' «' = 1,2, . . . ,« . .

(7)

(8)

(9)

(10)

(11)
Here 4(0 denotes the responses of 2^c](C0) to the random dis-
turbances w2(t) of unit power spectra, £'represents the expectation
operator, the scalars a1 are np weighting factors chosen by the de-
signer, and 1/y' is the upper bound on the unstructured uncertainty
A' (s) at the /th plant condition.

This is a constrained optimization problem where the H^-bound
constraints can be expressed in terms of H^ matrix algebraic Ric-
cati equations ARE'(C0, X1) = 0 or H^ matrix algebraic Riccati
inequalities ART'(C0, X1) < 0.

Lemma L Consider a linear, stable, time-invariant system S,

E:
jc(0 =
z(t) =

(12)
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with transfer function T(s) and y > a(D). Let R = y2! - DTD
and S — y2! — DDT. Then the following statements are equivalent
(see, e.g., Ref. 15):

1 ) i m * ) l l o o < y .
2) Algebraic Riccati equation (ARE): Assume (A, B) to be con-

trollable and (C, A) to be observable. Then the matrix equation

[AT + CTDR~1BT]Z + Z[AT + CTDR~1BT]T

+ ZBR'1BTZ + y2CTS~lC = 0 (13)

has a unique, real, symmetric positive-definite solution Z such that
A + BR-l[DTC0 + BTZ\ is asymptotically stable.

3) Algebraic Riccati inequality (ARI): There exists a symmetric
positive-definite matrix X such that7'15

[AT + CTDR-1BT]X + X[AT + CTDR-1BT?

+ XBR~1BTX + y2CTS~lC < 0 (14)

This lemma provides analytical tools to determine whether or not a
given system satisfies an Ji^ constraint. The ARE (13) is the basis
for most existing approaches to H^ and mixed ̂ 2/^00 problems. In
this paper we will pursue a different approach based upon the use of
the ARI (14) to define a time-domain function J^[ARr(C0, X1'), */]
representing the ith H^ constraint. In this formulation, the con-
troller matrix C0 and the np matrices X1 become independent opti-
mization variables in a gradient-based minimization algorithm that
attempts to achieve ART'(C0, X1') < 0 for all / — 1,2, ...,np
while minimizing the performance cost. This formulation offers the
advantage over other methods used to enforce matrix inequality con-
straints (such as interior point methods16) of not requiring an initial
guess already satisfying the Ji^ constraint.

III. Penalty Function for "H^ Constraints
Given np systems D^ cl(C0) as in Eq. (6), let x denote an n^-tuple

of symmetric positive-definite matrices, i.e.,

[^{X1^2 , . . . , .

xl e Rn*x v,; = xiT,xl
(15)

where nxt is the order of the zth closed-loop system. Now consider
the following penalty function:

(16)

where

0f X l , t f ) = Tr{exp[ARI'(Cr,, (17)

1 (C09 X1) = [AiT + C2

+ X''[A'

(18)+ XiBi
2(RirlBi

2
TXi + yi2Ci

2
T(SirlCl

2

with R* = [(y1')2/ - Dl
2lD22] and Si = [(yl)2I - D22D£]. In

the sequel we will show that the H.^ constraints (11) can be refor-
mulated in this context by considering the following minimization
problem:

= min lim
C0,X tf-*oo

(19)

The key properties associated with the penalty function (16) and the
optimization problem (19) are expressed in the following theorem.

Theorem L Consider a controller C0 and the corresponding np
closed-loop plants I^>cl(C0). Assume y1 > <r(D22) for all / =
1, 2, . . . , np. Then the following is true:

Furthermore, in this case the controller C() internally stabilizes
all plant conditions simultaneously. Conversely, the controller C0
violates at least one of the npJi^ constraints if and only if
minxlim?/_>ooyoo(C0, x, tf) is unbounded. Namely,

> yj min lim /oo(C0, x, t f )
X tf-HX>

00 (21)

for at least one j(l < j <np).
Proof. Assume that C0 satisfies \\T^(C0, s)^ < y1 for 1 < i <

np. Then there exists a n^-tuple x such that ART (C0 , X1) < 0 for all
i = 1,2, . . . , / i p . This together with the symmetry of ART'(C0, X1')
implies that all its eigenvalues are real and strictly negative. Hence,
for all / — 1, 2, . . . ,np,

lim e
tf-+OQ

^, X l ) t f ] = Q
' J

The right-hand side of Eq. (20) now follows immediately. Conver-
sely, if minxlim//_>00 Joo(C0, x, tf) is zero, then there exists an np-
tuple x of symmetric positive-definite matrices X1 such that all np
matrix expressions ARI1 (C0, X1) are negative definite. This in turn
implies that all H^ constraints are satisfied. Furthermore, in this
case internal closed-loop stability for all np plant conditions follows
directly from a standard Lyapunov argument (see Ref. 14). This
completes the proof of the first part of the theorem. The second part
of the proof follows immediately from these considerations. D

Remark 1. The scalar cost J^(C0, x, tf) can be interpreted as
the trace of the transition matrix of a sy stem e (t) = ARI'(C0, Xl)e(t)
so that enforcing the Ji^ constraints can be viewed as the problem of
simultaneously stabilizing np plants. This justifies the usage of the
term time-domain penalty function. It is obvious that, in the limit
as tf -> oo, the penalty function becomes a barrier function as
^oo (C0, x>tf) will become unbounded if one or more of the matrix
inequality constraints are violated.

Remark 2. Given any finite tf, Joo(Co, x » tf) is continuous and
differentiate with respect to C0 and all X1 . Explicit gradient expres-
sions can be found in the Appendix and in Ref. 14. This property
invites the use of gradient-based optimization algorithms to solve
both multimodel H^ and mixed H2/'H00 control problems.

Remark 3. Given a convex Hermitian matrix Q(x) [i.e.,
Q(axi + (l— a)x2) < aQ(x\) + (\— a) <2fe)], it can be shown (see
Ref. 17) that Tr{exp[<2(jc)fy ]} is convex for any given tf. Hence, the
proposed approach allows for converting Hermitian matrix-valued
constraints into scalar differentiable functions retaining their con-
vexity properties. This is important as many design objectives can
be expressed in terms of convex (and often linear) matrix inequal-
ities (see Ref. 16). Furthermore, since arbitrary Hermitian matrix
constraints can be incorporated into a scalar cost using the penalty
function, assumption A5 may be removed by enforcing the addi-
tional matrix inequalities (D1

22)T D1
22 - ( y l ) 2 I < 0, 1 < i < np,

where D22 is now a function of the controller matrix C0. However,
in this case ARI' (C(), X1) is not necessarily differentiable in C0, and
alternative inequality representations of the H,^ constraints must be
used (see Ref. 14).

IV. Cost Function for Mixed 7i2/?ioo Design
The mixed H2//H00 design problem can be solved using non-

differentiable constrained optimization methods. However, conver-
gence to a solution is slow.10 For improved numerical efficiency, we
will use penalty function methods (see e.g., Ref. 18) to obtain an
equivalent unconstrained problem that is differentiable.

Problem 2. Find a stabilizing controller C0 such that the perfor-
mance criterion

0, x, tf) = c2J2(C0, tf) (22)

Vi l<i<np (20)

is minimized, where c2 is a scaling factor.
Remark 4. Consider the limit case of Eq. (22) as tf -> oo, i.e.,

Jyoo(ct> X*) = min lim J2/oo(C0, X, tf) (23)
C0,X tf^oo
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If this problem has a solution C* such that ARF (C*, (X'')*) < 0 and
(X')* > 0 for i — 1, 2 , . . . , np, this solution also solves Problem 1.
This follows from Theorem 1 and the fact that ARF(C;, (X'')*) < 0
and (X'')* > O f o r i = 1, 2, . . . , np if and only if \\T^(C0, s)^ <
y', i — 1 , 2 , . . . , np. Hence,

tf—>OO

Also note that from Theorem 1 it follows that the controller C*
simultaneously stabilizes all plant conditions. Thus, stability of all
closed-loop matrices A' is a natural result of this formulation and
does not need to be explicitly enforced by means of additional con-
straints. Stability together with assumption A5 guarantees that the
np H2 norms \\T2(C*)\\2 are well defined and that

lim

Moreover, in this case

lim -/ 2 /oo(C*,x*.f / ) =

(25)

(26)

been found, we optimize J2/OQ (C0, x, */) until the performance cost
cannot be improved upon. Such an algorithm may be described as
follows:

Phase 1: Computation ofli^ controller. Set c2 = 0 and itera-
tively optimize on /2/oo(Q» X » */) to find a feasible controller C0>0
that satisfies all np Ti^ constraints and a set xo such that all the
ARI-related matrix constraints are satisfied. It follows that

lim (27)

If a feasible controller cannot be found, then the algorithm termi-
nates at this point; otherwise this controller (which from Theorem 1
simultaneously stabilizes all plants) can then be used as an initial
guess for the second phase of the algorithm, where the performance
cost is taken into account. This second phase solves the optimization
problem minc0>x J2/oo(C0, X > */,o) f°r a large r/(o, as follows:

Phase 2: Computation of mixed H2/7ioo controller. At the j\h
iteration do the following: Select tfj > 1 and the scaling factor c2j
such that

which is simply the 7i2 performance cost. On the other hand, if one
or more of the HOQ constraints are not satisfied or the controller
C* does not internally stabilize one or more of the plants, then
^2(Q, tf), Joo(C*, x*, tf), or both will be unbounded in the limit
as tf -+ oo. Hence the overall cost function will become unbounded
as well. Thus in this limit,/2/oo (C*, x*, fy ~* oo) is finite if and only
if C* and x * can be found such that all closed-loop plant conditions
are internally stable and all np ARI constraints are satisfied.

It is important to note that the function J2/oo(C(), X > tf) is convex
neither in C0 nor in x - Convexity can be achieved in the cases of static
and dynamic state feedback for the pure Tioo problem only (see, e.g.,
Ref. 7). For the general case of controllers with fixed structure and/or
order, convexity results have not yet been established.

V. Proposed Design Algorithm
At this point we assume that the designer has chosen a set of

np weighting factors a1 for the H2 performance cost and np H^
bounds y' [from Lemma 1 and assumption A5_it follows that these
bounds must satisfy the constraints y' > 5(D1

22) in order for the
problem to be solvable]. Additionally, an initial controller guess C0
of the desired structure and order and an initial guess for the set x are
required. As we will explain in detail later, this initial controller is not
required to simultaneously stabilize the np plants. This is relevant
since the problem of simultaneously stabilizing several plants is
difficult. While it is well known that two plants PI and P2 can be
simultaneously stabilized if and only if their difference P = P\ — P2
is strongly stabilizable (see Theorem 4, Chapter 5 of Ref. 19), it has
been recently shown20 that the problem of checking whether or not
there exists a controller that simultaneously stabilizes three or more
plants is undecidable.

With these initial data the optimization problem 2 can be solved
using two different approaches:

1) «/2/oo(Q, X > */) can be minimized using a penalty function
approach. An initial horizon f/)0 is selected and the corresponding
minimization problem (23) is solved. Since in this approach the H2
cost is computed using the finite-time cost functional (8), which is
well defined even for destabilizing controllers, the initial controller
is not required to simultaneously stabilize all plants. Gradients for
this type of 7i2 performance have been derived in Ref. 21. Once a so-
lution of Eq. (23) has converged for tf j_ \, we increase the finite time
to tfj. This process terminates when the largest implementable tfj
has been reached or when the algorithm has converged to a steady-
state value in terms of tft / . In the latter case the controller parameters
do not change significantly (as a function of tf) and all the li.^ con-
straints have been satisfied. The factor c2 in J2/OQ (C*, x *, tf) is used
to properly scale the optimization problem so that the 7i2 cost dom-
inates the overall cost once all ARI constraints have been satisfied.

2) On the other hand, given the same initial data as above, we
can first find a controller that satisfies all the Tioo constraints, dis-
regarding the performance objective. After such a controller has

J2/oo(C()j-l,Xj-l,tfj) <

(29)

(30)

For these parameter settings solve the unconstrained minimization
problem

min/2/00(C r ;,x, ;/,./
C0,X

to get C0j and the set Xj- If

(31)

(32)

for some prespecified e, then stop. Otherwise let j — j -}- \ and
repeat phase 2 of this algorithm.

The selection of tfj and c2j at the jth iteration guarantee that
the 7i2 performance cost dominates the 'H<x> cost during the opti-
mization (31). Furthermore, inequality (30) implies that the function
value J2/oo(C0, x > tfj) remains strictly smaller than 1. In turn, this
fact, together with tfj > 1, implies that J^(C0, x, tfj) < 1 for
all C0. From Theorem 1 it is easily verified that this implies that
throughout phase 2 of the algorithm the following two conditions
hold: 1) the controller C0 remains stabilizing for all plant conditions
and 2) all np constraints ARI' (C0, X') < 0 are satisfied. Hence, in
this formulation Joo(C0, x, tf) acts as a barrier function enforcing
the HOO constraints and stability during the entire optimization pro-
cess in phase 2. Furthermore, these properties allow the computation
of the H2 cost and its gradients via observability or controllability
gramians, which require solving only Lyapunov equations. Corre-
sponding gradients for steady-state 7i2 costs are readily available
(see, e.g., Refs. 21 and 14). The algorithm terminates when the 7i2
cost cannot be reduced any further.

Note that both approaches are based upon the use of a finite hori-
zon. This allows for avoiding numerical overflow problems arising
from a destabilizing initial controller guess or a poorly chosen ini-
tial set x (resulting in large eigenvalues for the corresponding ARIs)
by choosing a small tf(). The numerical implementation utilizes the
optimization toolbox of MATLAB as well as the software package
SANDY.21 In the example below, we applied the barrier function
approach (second algorithm).

Remark 5. The number of optimization variables ncon associ-
ated with the controller parameterization C0 is fixed by the choice
of the controller structure and order. Due to the symmetry require-
ment for X', we do not have to use (nxi +nc)2 optimization variables
to represent X' in the optimization process. Using a Cholesky fac-
torization of X' = 2'TQ', we optimize over a set of np upper
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triangular matrices Ql of appropriate dimensions rather than over
X. Hence the assumptions X1 = XlT > 0 are explicitly accounted
for. Strict inequality, that is, X1 > 0, is incorporated by constrain-
ing the diagonal elements [Ql]jj of the Cholesky factors Ql to be
strictly positive. Hence the additional constraints

(33)
will guarantee the required positive definiteness of all X1 for any
finite tf . Strict inequality of the ARI constraints can also be enforced
in a similar manner. With this formulation the overall number nvar
of optimization variables is given by

(34)

where «^« is the dimension of the zth open-loop plant.

VI. Illustrative Example
We illustrate our approach by designing a first-order controller

for the fourth-order longitudinal dynamic model of an F-15 aircraft
at two operating points.23 The first plant condition represents a sub-
sonic flight condition whereas the second operating condition is
supersonic. A state-space realization of the linearized plant model
is given by

V(0
«(0
4(0

L a w .

(35)

«(0
4(0

, 0(0 J

&CMJCMai

&CMJCMao_
The vehicle states x l ( t ) are velocity V(t) (in feet per second),
angle of attack ot(t) (radians), pitch rate q(t) (radians per sec-
ond), and pitch attitude 9(t) (radians). The control input u'(t) is
the usual elevator control 8e(t) (radians). The disturbance inputs
11*2(0 = [ug(t)> wg(t)]T for the 7i2 performance are associated
with the longitudinal and transverse components of the atmospheric
turbulence having (worst-case) white-noise spectra. The output per-
formance variables z2(0 consist of a weighted combination of air-
craft velocity, pitch attitude, and elevator control. In this design,
we consider robustness to percent variations in the drag coefficient
CD and in the pitching moment coefficient to changes in the angle
of attack CMa - The latter coefficient has a direct influence on the
vehicle static stability. We model these real parameter uncertainties
in the form of an uncertainty block A1 (s) having a specific diago-
nal structure from which we define the input vector w1^ (t) and the
output vector zj^CO- In this example, we treat the uncertainty block
as unstructured and attempt to synthesize a controller that provides
robustness to these normalized variations. State model matrices for
the two design flight conditions are given below:

-0.00819 -25.70839 0
-0.00019 -1.27626 1.0000
0.00069 1.02176 -2.40523

0 0 1.0000

0.00819 0.04621 '
0.00019 0.00229
-0.00069 -0.00183

0 0

-32.17095
0
0
0

0.55854
0
0
0

0
-0.27927
0.99911

0

0
0

20.99383
0

-6.80939
-0.14968
-14.06111

0

0.07071 0 0 0'
0 0 0.31623 0
0 0 0 0

'0.01468 0 0 0 '
0 0.01468 0 0
0 -0.16882 0 0

0 "
0

20_

= /

-0.01172 -95.91071 0 -32.11294"
-0.00011 -1.87942 1.0000 0
0.00056 -3.61627 -3.44478 0

0 0 1.0000 0

0.01172 0.06607'
0.00011 0.00129

-0.00056 0.00249
0 0

0.79850 0 0
0 -0.39925 0
0 2.04570 78.46350
0 0 0

_2B3 =

"-25.40405"
-0.22042
-53.42460

0

I2 — 2

2 —
T

=~

All other matrices are assumed to be zero. A preliminary analysis
of the plants is given in Table 1. Both plant conditions are open-
loop stable. The 7i2 and H^ norms of the respective open-loop
subsystems are relatively large; in particular the H^ norms indi-
cate that the open-loop systems are fairly sensitive to variation in
the parameters CD and CMa. The minimally achievable H2 and H^
norms shown in this table have been achieved for each plant con-
dition separately by solving single-plant 7^2 and single-plant 'H^
design problems. These results indicate that one can improve the
performance and robustness dramatically using a first-order feed-
back controller. Figures 1 and 2 show the design trade-offs involved
in this problem. Figure 1 represents the mixed T-^/'ftoo design for
the first plant condition only, without taking into consideration the
second design condition. The trade-off between performance and
robustness is typical. Performance improvement implies invariably
a deterioration in stability robustness and vice versa. For all the
design points the achieved \\T^(C0, ,s)lloo saturates the y bound
specified. The best compromise between performance and robust-
ness is at the point \\T^(C0, s)||oo & 0.1 with a corresponding
\\T^(C0, s)||2 ~ 0.018. Dramatic reduction in either robustness or
performance can be achieved at the other design points. The cor-
responding "performance/robustness" characteristic for the second
plant condition is not shown since the results would not be mean-
ingful. Figure 2 shows the design trade-off resulting from taking
into account both plant conditions during the design. The weighting
factors a1 were chosen to be a1 = ot1 = 1 (hence both 7^2 norms
are weighted equally). This choice is justified as both plant con-
ditions have roughly the same value for the minimally achievable
H2 norm. The same value yspec was applied as an H^ constraint
to both plant conditions. Hence this is only a two-dimensional ex-
ample out of a generally four-dimensional surface where a1 and
oi1 as well as y^, and yspec may be chosen independently. In a
mixed design for multiple will provide an actual constraint for
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Table 1 Preliminary analysis

Plant 1 Plant 2
Open-loop stability Stable Stable
I I T * ( s ) | | 2 (open loop) 0.107 0.031
liriCOIloo (open loop) 23348.3 8013.3
Minimum achievable 7i2 norma 0.032 0.0022
Minimum achievable Tioo norma 0.056 0.096
aUsing a first-order controller.

0.2 -,

0.15 -

\\n\\2 o.i -
0.05-

~~l———I——I———I———I———I
0 0.1 0.2 0.3 0.4 0.5 0.6

measure subject to the given Tioo bounds. The resulting optimization
problem is smooth, and hence standard gradient-based methods can
be used. The algorithmic treatment in a gradient-based finite-time
setting allows for handling initially destabilizing controllers. Unlike
previous approaches, this formulation minimizes the true Irii cost
rather than an upper bound, and it does not require either identical
inputs or outputs in the H2 and HQQ problem formulation. The con-
troller structure is arbitrary, allowing designers to consider a wide
class of controllers including proper and strictly proper controllers
with fixed order and fixed structure.

The only drawback of this formulation is given by the size of
the optimization problem. This size depends both on the structure
selected for the controller and on the order of the open-loop plants.
It becomes increasingly complex for higher order systems and con-
trollers. Thus inclusion of robust Ji^ stability into the nominal 7i2
framework entails increased computational complexity.

Finally, by suitably modifying the overall objective function, the
approach can be easily extended to encompass a wide range of
constraints, as long as these constraints can be expressed in terms
of matrix inequalities.

Appendix: Gradient Computation
Assume a closed-loop system S^ cl(C0) as in Eq. (6) and let

Fig. 1 Design considering only first plant condition.

0.3 -, ,

0.2 -

0.1 -

0 -
0.05 0.1 0.15

felloe

Fig. 2 Design considering both plant conditions.

only some of the np operating conditions, leaving the other plants
unconstrained in terms of the robustness. In our example the re-
sulting ||7^(C0, s) || oo was always below the specified yspec while
\\T^(C0, 5) || oo stayed on the specified robustness boundary for all
the design points.

From Fig. 2 it follows that the best compromise between ro-
bustness and performance for the two given flight conditions
is at the point where \\TJ(C0,s)\\2 = 0.058, ||7^(C0, s)^ =
0.081, ||r2

2(C0, j)||2 - 0.077, and ||7£(C0,,r)||oo = 0.115. This
compromise is achieved with the following first-order controller:

Ac = [-8.55194]

Bc = [-53.16826 - 5.65807 - 19.24661 - 5.53476]

Cc = [0.07340]

Dc = [-0.83757 15.44903 1.17896 8.66218]

VII. Conclusions
In this paper we developed a new approach for addressing mul-

timodel mixed Hi/H^ control problems. This approach is based
upon the use of a time-domain scalar cost function that includes
the Tioo constraints as a penalty function. Using the proposed for-
mulation, the mixed /Hi//HOQ design becomes an unconstrained
optimization problem that provides the optimal 7i2 performance

Bl =B2(

with R* = [ ( y l ) 2 I - £>22D22]- Note that the matrices A1', fi1', and
O are functions of C0. As proposed, we use the Cholesky factoriza-
tion of X1 = QiT Ql , where Ql are upper triangular matrices. The
corresponding ART'(C0, X') = ART'(C0, QiT Ql) for the ith plant
condition is of the form

ART'(C0, ff) = A i T Q i T f f + QiTffAl + QiT ff & QiT ff + C
(Al)

Using the fact that Tr(TU) = Tr(l/T) for compatible matrices
U and T and a power series expansion of exp{ARr[C0, (Ql +
6 Ag'')]f/}» it can be shown that

Afi1'), tf] - 4(C0, ff, tf)

where

(C0, <2') - (A1' + ̂ '

+ exp[ARr'(C0, Q^ Qi

(A2)

(A3)

In this derivation all higher order terms in 6 have been discarded.
Hence, applying Kleinman's lemma (see Refs. 17 and 22), the first
derivative of J'^Co, Ql,t/) with respect to Ql is given by

3Tr{exprART'(C0, 2'1 PL -^
0, Q1)] (A4)

In order to obtain the gradient with respect to Co , explicit expressions
of the closed-loop system matrices A', B1

2, C2, and D22 in terms of
C0 are required. These expressions are given by

A1' = A1 + BJC0CJ

B1 = B[ + B'C0Di2
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where

A1 =•' P °i= L o o j ' °]
0],

0]

/J

£32 =

(AS)

0],

By using the same technique, we obtain

3Tr{exp[ARIf'(C0, fi1')*/]}
ac =2t-

where
G(CO, Q1} = {^(^r^D^ci, + B

xexp[ART'(C0, g1')

The overall gradient of 4>(C0, X1 = QiT Ql , r/) follows from the
summation of the individual gradients for each plant condition. Note
that only matrix exponentials and matrix multiplications are needed
to compute the gradients. Expressions for the derivative of J2 (C0 , tf)
and the steady-state H2 costs J2(C0, tf -> oo) = ||7^(C0)||2 with
respect to C0 can be found in Refs. 21 and 14, respectively.
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